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Willingness To Pay and Willingness To Accept:
How Much Can They Differ?

By W. MicHAEL HANEMANN*

In many empirical studies, analysts seek
to obtain money measures of welfare
changes due not to price changes but to
changes in the availability of public goods or
amenities, changes in the qualities of com-
modities, or changes in the fixed quantities
of rationed goods. The conventional welfare
measures for price changes are the compen-
sating (C) and equivalent (E) variations,
which correspond to the maximum amount
an individual would be willing to pay (WTP)
to secure the change or the minimum
amount she would be willing to accept
(WTA) to forgo it. Karl-Géran Miler (1974)
was perhaps the first to show that the con-
cepts of C and E can readily be extended
from conventional price changes to such
quantity changes. For price changes, Robert
Willig (1976) demonstrated that C and E
are likely to be fairly close in value, with the
difference depending directly on the size of
the income elasticity of demand for the
commodity whose price changes. Subse-
quently, Alan Randall and John Stoll (1980)
examined the duality theory associated with
fixed quantities in the utility function and
showed that, with appropriate modifica-
tions, Willig’s formulas for bounds on C
and E do, indeed, carry over to this setting.

Within the environmental-economics lit-
erature, Randall and Stoll’s results have
been widely interpreted as implying that
WTP and WTA for changes in environmen-
tal amenities should not differ greatly unless
there are unusual income effects.! However,

*Department of Agricultural and Resource Eco-
nomics, University of California, Berkeley, CA 94720.

This view is expressed by, for example, Myrick
Freeman (1979 p. 3), Mark A. Thayer (1981 p. 30), Jack
L. Knetsch and J. A. Sinden (1984 p. 508), Robin
Gregory (1986 p. 326), Don L. Coursey et al. (1987 p.
678), and most of the participants in a recent sympo-
sium on valuing amenity resources edited by George L.
Peterson et al. (1988 pp. 104,129,138,152, 168,230,238,
259).
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recent empirical work using various types of
interview procedures has produced some ev-
idence of large disparities between WTP
and WTA measures.? This has led to some-
thing of an impasse: how can the empirical
evidence of significant differences between
WTP and WTA be reconciled with the the-
oretical analysis suggesting that such dif-
ferences are unlikely? Can they be ex-
plained entirely by unusual income effects
or by peculiarities of the interview process?
In this note, I reexamine Randall and
Stoll’s analysis and show that, while it is
indeed accurate, its implications have been
misunderstood. For quantity changes, there
is no presumption that WTP and WTA must
be close in value and, unlike price changes,
the difference between WTP and WTA de-
pends not only on an income effect but also
on a substitution effect. By the latter, I
mean the ease with which other privately
marketed commodities can be substituted
for the given public good or fixed commod-
ity, while maintaining the individual at a
constant level of utility. I show that, holding
income effects constant, the smaller the
substitution effect (i.e., the fewer substitutes
available for the public good) the greater
the disparity between WTP and WTA. This
surely coincides with common intuition. If
there are private goods that are readily sub-
stitutable for the public good, there ought
to be little difference between an individual’s
WTP and WTA for a change in the public
good. However, if the public good has al-
most no substitutes (e.g., Yosemite National
Park, or in a different context, your own
life), there is no reason why WTP and WTA
could not differ vastly: in the limit, WTP
could equal the individual’s entire (finite)

2See the summaries in table 3.2 of Ronald G. Cum-
mings et al. (1986) and table 1 of Ann Fisher et al.
(1988).
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income, while WTA could be infinite. My
argument is developed in the following two
sections. Section I deals specifically with the
two polar cases of perfect substitution and
zero substitution between the public good
and available private goods. Section II deals
with Randall and Stoll’s extension of Willig’s
formulas and shows that their bounds are,
in fact, consistent with substantial diver-
gences between WTP and WTA. Section III
presents empirical application of these
bounds and relates them to Miler’s concept
of weak complementarity.

I. Two Polar Cases

The theoretical setup is as follows. An
individual has preferences for various con-
ventional market commodities whose con-
sumption is denoted by the vector x as well
as for another commodity whose consump-
tion is denoted by g.> This could represent
the supply of a public good or amenity; it
could be an index of the quality of one of
the private goods; or it could be a private
commodity whose consumption is fixed by a
public agency.® The key point is that the
individual’s consumption of g is fixed ex-
ogenously, while she can freely vary her
consumption of the x’s. These preferences
are represented by a utility function, u(x, g),
which is continuous and nondeceasing in its
arguments (I assume that the x’s and g are
all “goods”) and strictly quasiconcave in x.
The individual chooses her consumption by
solving

(1) maxu(x,q) subjectto ) p,x;=y
X

taking the level of g as given. This yields a
set of ordinary demand functions, x;=
h'(p,q,y), i=1,...,N, and an indirect util-
ity function, v(p, q,y) = ulh(p, q, y), q],

I am treating g as a scalar here, but it could be a
vector without seriously affecting the analysis in this
section. In the next section, however, the analysis would
become significantly more complex if g were a vector
and more than one element of g changed.

These alternative interpretations are offered, re-
spectively, by Mailer (1974), Hanemann (1982), and
Randall and Stoll (1980).
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which has the conventional properties with
respect to the price and income arguments
and also is nondecreasing in g.> Now sup-
pose that g rises from g° to q'> ¢q° while
prices and income remain constant at (p, y).
Accordingly, the individual’s utility changes
from u’ = v(p, q° y) to u' = v(p,q',y) > u’.
Following Mailer, the compensating and
equivalent variation measures of this change
are defined, respectively, by®

(2)
(3)

Dual to the utility maximization in (1) is
an expenditure minimization: minimize
¥ p;x; with respect to x subject to u = (x, q),
which yields a set of compensated demand
functions, x;=g'(p,q,u), i=1,...,N, and
an expenditure function, m(p, q, u) =
Y p;g'(p, q,u), which has the conventional
properties with respect to (p,u) and is non-
increasing in ¢. In terms of this function, C
and E are given by

(2) C=m(p,q°,u’)—m(p,q',u’)
(3) E=m(p,q°,u")—m(p,q",u').

It is evident from (2) and (3) that 0 < C <
y while E > 0.7 The questions at issue are:
i) is it true that E/C=1? and ii) what
factors affect this ratio? As a first cut at an
answer, I compare two polar cases. In the
first case, at least one private good—say,
the first—is a perfect substitute for some

v(p, g,y —C)=v(p,q%y)

v(p,q',y)=v(p,q°,y + E).

>These properties are established in my earlier pa-
per (Hanemann, 1982).

%1 have taken the liberty of defining C and E as the
negative of quantities appearing in Willig (1976) and in
Randall and Stoll (1980), so that sign(C) = sign(E) =
sign(u! — u?).

7] assume throughout that g' > g% and u' > 1. The
analysis could be repeated for a case in which quality
decreases and u! < u®. In that case, C and E are both
nonpositive and correspond, respectively, to the com-
pensation that the individual would be willing to accept
to consent to the change and the amount that she
would be willing to pay to avoid the change. This would
reverse the inequalities presented in what follows, but
it would not affect the substance of my argument.
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transformation of g. Thus, the direct utility
function assumes the special form

(4) u(x,q) =b_t[x1+¢(q),x2,...,xN]

where ¢(-) is an increasing function and
u(-) is a continuous, increasing, strictly
quasi-concave function of N variables. As
W. M. Gorman (1976) has shown, assuming
an interior solution, the resulting indirect
utility function is

(5) v(p,q,y)
=E[pl,pz,“-,pN,y+p1.¢(q)]

where 0(+) is the indirect utility function
corresponding to (). Substitution of (5)
into (2) and (3) yields the following:®

PROPOSITION 1: If at least one private
market good is a perfect substitute for q, then
C=E.

At the opposite extreme, I assume that
there is a zero elasticity of substitution not
just between g and x, but between g and
all the x’s. Thus, the direct utility function
becomes

(6) u(x,q)

i X1 . XN
=u|{min|gq,—|,...,min| g, —
oy Ay

where «,...,a, are positive constants and
u(-) is conventional direct utility function.
In this case, the indirect utility function
v(p,q, y) has a rather complex structure and
changes its form in different segments of
(p, g, y)-space. It will be sufficient for my
purposes to focus on just one of these seg-
ments. Suppose that g <y/Yp,a;; then,
the maximization of (6), subject to the bud-
get constraint, yields demand functions
and an indirect utility function of the
form x, = h'(p,q,y) = a,q, and u =

8This result caries over, of course, if more than one
private good is a perfect substitute for g. In the most
general case, u(x,q)=alx, + ¥(q),..., x5 + ¥(q)] and
C=E=Yplyp(a")—¥,(q0)]

HANEMANN: WILLINGNESS TO PAY AND TO ACCEPT 637

v(p,q,y)=1ulg,...,q)=w(g). In this region
of (p,q,y)-space, the individual does not
exhaust her budget, and her marginal utility
of income is therefore zero. Now suppose
that ¢°<y/Ypa, and gq'>q° Since
v(p, q', y) > w(q?), it is evident from (2) that
the individual would be willing to pay some
positive but limited amount C to secure this
change. However, for any positive quantity
E, no matter how large, v(p,q% y + E)=
v(p, q°, y)=w(q®). This implies the follow-
ing proposition.

PROPOSITION 2: If there is zero substi-
tutability between q and each of the private-
market goods, it can happen that, while the
individual would only be willing to pay a
finite amount for an increase in q, there is no
finite compensation that she would accept to
forgo this increase.

It should be emphasized that this result
obtains only in a portion of (p,q,y) space;
in other regions, even with (6), E would be
finite.” However, the result in Proposition 2
can also be established for other utility
functions that permit some substitutability
between g and the x’s as long as the indif-
ference curves between g and each of the
x’s become parallel to the x axis at some
point. The implication of these two proposi-
tions is that the degree of substitutability
between g and private-market goods does
significantly affect the relation between C
and E. In the next section, I show how this
observation can be reconciled with the
bounds on C and E derived by Randall and
Stoll.

II. Randall and Stoll’s Bounds

In order to extend Willig’s bounds from
price to commodity space, Randall and Stoll
focus on a set of demand functions different
from those considered above. Suppose that
the individual could purchase ¢ in a market

9Indeed, if ke, py,...,anpn, ¥)<q° i=1,...,N,
it can be shown that u(p, 4" y)=v(p, 4}, y)=
(a1 py,-..,ayPy,y) and C = E =0, where h'(+) and
0(-) are the ordinary demand functions and the indi-
rect utility function associated with @(-).
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at some given price, 7. It must be empha-
sized that this market is entirely hypotheti-
cal since ¢ is actually a public good. Instead
of (1), she would now solve!°

(7) maxu(x,q)

subject to Y. p,x, + mq=1y.

Denote the resulting ordinary demand func-
tions by x,=h'(p,m,y), i=1,...,N and
q = h%p,m, y). The corresponding indi-
rect utility function is 0(p,m, y) =
ulh(p, 7, y), h9(p,,y)]. The dual to (7) is:
minimize X p;x; + mq with respect to x and
q subject to u = u(x, q). This generates a set
of compensated demand functions, x;=
g'(p,m,u), i=1,...,N and q= 3% p,m,u),
and an expenditure function, Ai(p,m,u)=
rp;8'(p,m,u)+ mwg%p,m,u). These func-
tions are hypothetical, since g is really ex-
ogenous to the individual, but they are of
theoretical interest because they shed light
on the relation between C and E.

For any given values of ¢, p, and u, the
equation

(8) q=28%(p,m,u)

may be solved to obtain 7 = #(p, q,u), the
inverse compensated demand (i.e., willing-
ness-to-pay) function for g: #(+) is the price
that would induce the individual to pur-
chase g units of the public good in order to
attain a utility level of u, given that she
could buy private goods at prices p. Let
0 =#(p,q%u’) and 7'=#(p,q',u') de-
note the prices that would have supported
q° and g, respectively. The two expendi-
ture functions dual to (1) and (7) are related
by

(9) m(p,q,u) = I‘h[p,ﬁ(p,q,u),u]

—-7(p,q,u) q.

107¢ is now necessary to assume that u(-) is strictly
quasi-concave in both x and g, rather than x alone. See
footnote 22 for an example in which this is a nontrivial
restriction.

JUNE 1991

This implies that!!

(10)  my(p,q,u) = —7(p,q,u).
Combining (10) with (2') and (3') yields these
alternative formulas for C and E, expressed
in terms of the willingness-to-pay function:

(2") C=["#(p,q,u’)dq
q

1
(3" E=[q #(p,q,u')dq.

qO

It can be shown that sign (ﬁ-u)=sign(f13).
Therefore, for given (p,q), the graph of
#(p, g, u') lies above (below) that of
w(p,q,u®), and E> (<) C, when ¢ is a
normal (inferior) good. Figure 1 shows E
and C for the case in which ¢q is normal: E
corresponds to the area q°ayq!, while C
corresponds to the area ¢°B8q’.

Using techniques pioneered by Willig
(1976), Randall and Stoll (1980) establish
bounds on the difference between each of C
and E and the area under an inverse ordi-
nary demand function for g. From this, they
derive bounds on the difference between C
and E. However, the requisite inverse ordi-
nary demand function is obtained in a rather
special manner. Given any level of g, one
can ask what market price 7 would induce
the individual to purchase that amount of
public good if it were available in a market,
while still allowing her to purchase the
quantity of the x’s that she actually did buy
at market prices p and with income y. In
conducting this thought experiment, one
needs to supplement the individual’s in-
come so that she can afford g as well as the
x’s. Thus, for given (p,q,y), one seeks the
price 7 that satisfies

(11)

qg=hi(p,m,y+mq).

11Using subscripts to denote derivatives, differenti-
ate (9) and note that g = §%p,m,u) = m_(p,7,u) by
Shephard’s lemma. Equations similar to (9)-(12) are
presented by J. P. Neary and K. W. S. Roberts (1980).
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7(p.q,y)

g%p,m uh)

§Yp, 7,0

> q

FicUrRE 1. WTP anpD WTA For A CHANGE IN g

The solution will be denoted by 7=
#(p, q, y). This inverse function is related to
the inverse compensated demand function
by the identities'?

(122)  #(p,q,y)

E7‘r[p,q,v(p,q,y)]

(12b)  #(p,q,u)

= #[p,q,m(p,q,u)].

Both identities play a role in the analysis.
From (12a) it follows that 7°= #(p, ¢°,u?)
= 7(p,q° y) and w'=4(p, q',u')=
#(p,q', y). Hence, the graph of #(p, g, y) as
a function of g intersects the graph of
(p,q,u’) at g=q° and the graph of
#(p,q,u') at g=gq'. This is depicted in

2Note that #(p,q,y) is not an inverse ordinary
demand function in the sense of Ronald W. Anderson
(1980), because it involves an income adjustment as
well as a price effect.

HANEMANN: WILLINGNESS TO PAY AND TO ACCEPT
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Figure 1.!3 From (12b) and (10), one obtains
(13) my(p.q,u)

=- ﬁ-[p’Q7m(p’q,u)]

which is the fundamental differential equa-
tion underlying Randall and Stoll’s
analysis.'* Also, by differentiating (12b) and
then using (13), it can be shown that the
concavity of mi(p,m,u) in m, which itself
follows from the quasi-concavity of u(x,q)
in g, implies the following negativity condi-
tion on the Slutsky term associated with
#(p,q,y): 7, —7T7Ty<0
Define the quantity

1
(14) A= ["#(p,q,y)da
q

which corresponds to the area ¢°Byéq!
Figure 1. This is a sort of Marshallian con-
sumer’s surplus, which is to be compared
with C and E.'° Let

dln#(p,q,y)
dlny

3

be the income elasticity of #(p,q,y); Ran-
dall and Stoll call this the “price flexibility
of income.” Assume that, over the range
from (p,q°, y) to (p,q', y), this elasticity is
bounded from below by ¢& and from above
by £Y, with neither bound equal to 1. Using

13It is commonly supposed the 7, <0, so that w0 >
7! when ¢° < g' (see e.g., Richard E Just et al., 1982
fig. 7. 12) but this is not correct. It can be shown that
w02 accordmg to whether S 1/a, where 1 and
a are deﬁned in the text below equation (16'). Since
Ya,m, +an=1 by the Engel aggregation condition,
where a, = ph'(p,m,y + ‘n'q)/(y +mwg) and 7, =
(y + ﬂ'q)h (p,1r y+mq)/h(p,m,y +mq), it follows
that w9 < 7! if and only if Lan, S 0.

14Thls corresponds to Randall and Stoll’s equation

BAlso, because #i(-) is linearly homogeneous in
(p, ), it follows that #(p, g, y) is linearly homogeneous
in (p, y).

16]ts relation to the conventional Marshallian con-
sumer’s surplus associated with the demand for the x’s
is analyzed in Proposition 4.
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640 THE AMERICAN ECONOMIC REVIEW

the mean-value theorem, as in Willig’s
(1976) equation 18, and integrating (13)
yields Randall and Stoll’s result, namely,
the following.

PROPOSITION 3: Assume ¢U < ¢ <&V
where ¢% #1 and ¢V +# 1. Then,

1

A L
(i) 0< 1+(1—§L)—]1‘§ —15-E—
y y
(ii) 0<1—[1—(1—§U)ﬁ]1—1‘f”<£<1
< ; =5 =l

A
IfEV<lorif¢V>1and 1+(1-¢Y)— >0,
y

1

(i) = < 1+(1—§U)£]1—‘?—1
y y '

A
IfE>1,0rif ¢- <1 and 1—(1—§L)—y—20,

1

v S <1-l1-(1- Lﬁ]l—ﬁL
@ Ss1-[1i-a-e 2|77

Applying a Taylor approximation, as in
Willig (1976), and assuming that the condi-
tions in (iii) and (iv) are satisfied, one ob-
tains

2 2
(15) §LA—_<_E—C<§U——.
2y 7 2y

This is commonly interpreted as implying
that C and E are likely to be close in value,
but whether or not that is correct clearly
depends on the magnitudes of 4 /y and
the bounds ¢ and ¢VY. The magnitude of
A /y depends in part on the size of the
change from ¢° to ¢'; but what can be said
about the likely magnitude of the income
elasticity, £? Could it happen, for example,
that ¢“=w? To answer that question, dif-

JUNE 1991
ferentiate (11) implicitly:

a7 (p,q,y)

(a5 ==

hi(p,m,y +mq)
hi(p,7,y+mq) +qhi(p, 7, y+mq) "

By the Hicks-Slutsky decomposition, the de-
nominator is equal to the own-price deriva-
tive of the compensated demand function
for g and is nonpositive:

g4[p,m,v(p,q,y)]

=hi(p,7,y+mq)+qhi(p,m,y +mq)

<0.

Converted to elasticity form, (16) becomes

_n(1-a)

(16') é=
where

(y+mq)hi(p,m,y+7q)
hi(p,m,y +mq)

n

is the income elasticity of the direct ordi-
nary demand function for g,

*n'fl"(p,*n', y+mq)

a
y+mq

is the budget share of g in relation to
“adjusted” income, and

w8i[p,m,v(p,q,y)]
gp,m,v(p,q,y)]

E=

is the own-price elasticity of the compen-
sated demand function for g.

The denominator in (16”) can be related
to the overall elasticity of substitution be-
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VOL. 81 NO. 3

tween ¢ and the private market goods
Xy,..., Xy. Assume that the prices py,...,py
vary in strict proportion (i.e., p, =6p; for
some fixed vector p and some positive scalar
0). Let the aggregate Allen-Uzawa elasticity
of substitution between g and the Hicksian
composite commodity x,=YXp,x, be de-
noted by ,. By adapting W. E. Diewert’s
(1974) analysis, the following formula can
be established relating o, to the com-
pensated own-price elasticity for gq: &=
— 04(1— a)."” Hence, (16') may be written

(17)

This equation is my fundamental result. It
explains the findings in the preceding sec-
tion about the importance of substitution
elasticities. It demonstrates that for changes
in g, unlike for changes in p, the extent of
the difference between C and E depends
not only on income effects (i.e., ) but also
on substitution effects (i.e., o). If, over the
relevant range, either n =0 (no income ef-
fects) or o,=c (perfect substitution be-
tween g and one or more of the x’s), then
&Y= ¢V =0 and, from Proposition 3, C = 4
= E. On the other hand, if either the de-
mand function for g is highly income elastic
or there are very few substitutes for g among
the x’s so that o, is close to zero, this could
generate very large values of ¢ and a sub-
stantial divergence between C and E.

"n deriving this result, one evaluates m(p,,u),
§%p,m,u), and g(p,m,u) at u=rv(p,q,y). Hence,
the budget shares introduced above satisfy a =
whi(p,m,y +mq)/(y+ wq)=mgp,w,u)/ mp,m,u),
and a, = philp,m,y+mq)/(y + mq) =
p,&'(p,m,u)/ m(p,m,u). In addition to the compen-
sated own-price demand elasticity, e, I introduce the
compensated cross-price demand elasticities g =
dln g%p,,u)/dp,. The homogeneity of £9(-) in (p, )
implies that & +X¢, =0. Under the assumption that
p,=0p,, j=1,..., N, the Allen-Uzawa elasticity of sub-
stitution between g and the composite good x, is
given by o, =[(3§7/30)6 /q]/a, where ay=Ea,=1
— a is the expenditure share of x, and 6 is treated as
its price. Observe that 487/00 =¥(dg7/dp,) b, =
X(3g9/9p)-(p,/0) =(q/0)Le, = —(q/0)e. Hence,
o,(1—a)=(08/gX0g7/30)= —¢.

HANEMANN: WILLINGNESS TO PAY AND TO ACCEPT
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II1. Applications

In the first application of (17), the price
flexibility of income, £, is assumed to be a
constant. In that case, as Randall and Stoll
note, the bounds in Proposition 3 hold as
equalities, and (for simplicity I focus on the
case where £ 1):

1

18 £—1—[1— 1- f]ﬁ
(18a) - ( f)y

1

A=
(18b) 1+(1—g);] -1.

y

However, before these formulas can be used
to calculate C and E, one must detemine
how A varies with ¢£.

If the price flexibility of income is to be
constant, the inverse ordinary demand func-
tion must take the form
(18c)  #(p,q,y) =¥(p.q)y¢
where > 0. Define G(p,q)= [¢(p,q)dg;
from (14):18

(18d) 4=y¢[G(p,q")—G(p,q°)].
Substituting (18¢) into (13) and integrating
yields the indirect utility function that gen-

erates (18c):

(18e) v(p,q,y)

' -

'S

=7|{[y' ¢ +(1-&)Gma)] ‘b

where T(-) is some function that is homo-
geneous of degree zero, increasing in its
first argument, and nonincreasing in its other
arguments.

181n order to satisfy the negativity and homogeneity
conditions, () should be increasing in g and homo-
geneous of degree 1— ¢ in p. It follows that G(+), too,
is homogeneous of degree 1— ¢ in p.
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642 THE AMERICAN ECONOMIC REVIEW

The corresponding demand function for
q, h9(p,,y) can be derived from (18¢) by
solving max [v(p,q,y — mq)]. In general, a
closed-form solution cannot be obtained.
However, implicit differentiation of the
first-order condition for this maximization
yields the following expression for the in-
come elasticity of demand:

g+ EPigytT!
—qy, + EPPqyit

It follows that having a constant ¢ is gener-
ally not consistent with having a constant n
or a constant ¢,. An exception occurs when
(19a) &=—qy,

in which case n=1 and, from (17), o, =
1/¢ (i.e., the price flexibility of income is
merely the reciprocal of the elasticity of
substitution between g and the x’s). Inte-
grating (19a) yields ¢(p, g) = K(p)g~*¢
for some function K(p) > 0 which is homo-
geneous of degree 1—¢, and G(p,q)=
K(p)g'~¢/(1— £). Hence,

(19b) A/y
—K@)y¢ (@) T - (@) ] Ja- )

and the formulas for C and E become

(190) C/y

1

=1~<1—K(p)y5‘1[(q‘)1_5 _(qo)l—g]}l—f

(19d) E/y

1
-
-1.

- {1 + K(p)yf"l[(ql)lgf - (q0)1_£]>

This model with a unitary income elastic-
ity, m, is the only case in which &, n, and
o, can all be constant simultaneously.
It can be shown to be a generalization
of the CES utility model u(x, q)=

JUNE 1991

[¢(x)! "¢+ ag' ~¢]'/17¢ with homogeneous
aggregator function, ¢(-)."

Equation (19b) makes explicit the depen-
dence of 4 on ¢. From (19c) and (19d), it
follows that the ratio E/C is increasing in
both K(p) and ¢. Table 1 tabulates this
ratio for several values of K and ¢, for
cases where ¢ =1 and g' = 3. Observe that
a low elasticity of substitution (o, = 0.07)
can generate a fivefold difference between
C and E, even when A4 /y is very small.? A
similar divergence between C and E can be
obtained with a relatively moderate elastic-
ity of substitution (o, = 0.99), provided that
the change matters a lot, in the sense that
C/y is large (C/y = 0.8). However, C is
almost identical to E when moderate or
large elasticities of substitution are com-
bined with low values of C /y.

The second application is the case in
which the inverse demand function takes
the form
(20a)  #(p,q,y) =¢(p,q)e”®”
and the price flexibility of income is &=
v(p)- y, for some y(+)> 0 which is homoge-
neous of degree — 1 in p, and some () >0
which is homogeneous of degree 1 in p.
Substituting (20a) into (13) and integrating
yields the indirect utility function that gen-
erates (20a):

(20b) v(p,q,y)

e~ Y@y
=T|- +G(p,q),p

y(p)

YThe difference is that the CES model generates an
indirect utility function of the form

; _ _eqi/1-€
5(p.q,y)=[y' "¢+ K(p)q'¢]

whereas the indirect utility function associated with
(19a)-(19¢) is

v(p,q,y)=T[0(p,q,y),p].

2This is the order of magnitude by which WTA
exceeds WTP in some of the empirical studies summa-
rized in table 3.2 of Cummings et al. (1986).
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TABLE 1—SiMULATIONS OF WTP AND WTA FOR A GENERALIZED
CES UrtiLity MODEL

4 y K(p) o A/y C/y E/y E/C
14 1 0.95 0.0714 0.073 0.05 0.259 5.175
1.01 100 14 0.99 1.602 0.796 4.026 5.059
0.677 100 8.1 1.481 2.414 0.991 4.975 5.003
0.677 100 0.1 1.481 0.03 0.029 0.03 1.02

where G = [(p,q)dq, and T is some func-
tion that is homogeneous of degree zero,
increasing in its first argument, and nonin-
creasing in the other arguments. The corre-
sponding formula for the elasticity of substi-
tution between g and the x’s, expressed as
a function of (p,q, y), can be shown to be

Yy +qy’e”
—qyi, +yyqpe”’

(20c)

oy =

From (20a) and (20b) it follows that
(20d) A=e"®[G(p,q")- G(p,q°)]
(20¢) C=y(p) " In[1+y(p) 4]
(20f) E=—y(p) In[1—-y(p)A4].

(note that, when yA4 > 1, E =). The ratio
E /C is clearly increasing in y(p) and A.
In order to proceed further, it is neces-
sary to take a closer look at A. For this
purpose, I focus on the special case of
(20) in which y(p)=v/py, ¢(p, =
de**2ipl=Ppk/(B—1), and

(21a) v(p.q,y)=

pN ~ ea+6q ~
T _76 yy/pN+ B_lp% Bp[‘\317p2’p3’”"pN

with y and 8 as positive constants and with
B > 1. This implies the following log-log de-

mand function for good 1:%!
(21b)  Inx,=Ink'(p,q,y)
=a—BIn(p,/py)
+(vy/py)+0q.

Since lim,, _, . dv(p,q,y)/dq =0, good 1 is
weakly complementary with g in the sense
of Miler, and C and E can be expressed in
terms of the area between the compensated
demand curves g'(p,q° u) and g'(p,q',u).
Furthermore, in this model the quantity A4
corresponds to the change in the Marshal-
lian consumer’s surplus associated with
good 1.

(2lc) 4 Ef‘(’)lﬁ(p,q,y)dq
q
= (%)[h‘(p,ql,y)— h'(p,q° y)]
= [(h'(. ")~ 1 (@.a", )] dp1.
14|

Hence, the formulas for C and E become

(214) £=%m@+kl_ﬂﬂ)

Dy B—1/\py

X [hl(p,q‘,y)—h’(l”qo’y)]}
w5

Awmfw%W@#Uﬂ}

(21e)

2t follows that, in this model, the income elasticity
of demand for good 1 is equal to yy, the price flexibil-
ity of income.
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TaBLE 2—SiMuLATIONS OF WTP aND WTA For A Loc-Loc UTtiLity MobDEL

¢ a 8 Y A/y C/y E/y E/C
14 —13.58 0.2 0.14 0.0695 0.0486  0.259 5.334
1.01 1.42 0.3 0.0101 0.959 0.6704  3.414 5.092
0.677 2.151 0.3 0.00677 1.427 0.9987  5.004 5.011
0.677 2.28 0.13  0.00677  0.039 0.0385  0.0396 1.027

These are tabulated in Table 2 for several
values of «, v, and 8 for the case in which
py=1, p,=15, B=1.125 y=100, ¢° =1,
and g'=3.22 The simulations confirm that
&£=1vyy and A are the key determinants of
the ratio E /C. When either £ or A is large,
then E > C; when ¢ and A are both small,
then E = C.

This example is a striking illustration of
the power of Proposition 3. From mere in-
spection of the ordinary demand function
for x,; in (21b) it is hardly obvious that the
term & = yy should be a key determinant of
the relationship between WTP and WTA
for a change in ¢.2* The example also raises
another issue: the possibility that the quan-
tity 4, which forms the basis for Proposition
3, may be related to the conventional Mar-
shallian consumer’s surplus associated with
a private market commodity, x,. Under what
circumstances does this carry over to other
utility models? Could it, in fact, apply to the

22The parameter values in these simulations are
chosen to satisfy the inequalities (8 — Dpy <
yph'(p, g, y) < Bpy, which ensure that the direct util-
ity function implied by (21) is quasi-concave in x and g.
If u(x, g) were not quasi-concave in g, the formulas in
(21d) and (21e), would still be valid, but the Randall-
Stoll bounds in Proposition 3 would not apply. That
happens with another special case of (20) in which
y(®) =7y/py but $(p,q) = dpye* Pr/Pm*e4d /g,
This generates an ordinary demand function for good 1
that is identical to (21b), except that In(p, /py) is
replaced by (p, /py). Also, (21c)-(21e) hold for this
model, except that g —1 is replaced by B. However,
the implicit utility function u(x, g) can be shown to be
quasi-convex in q.

BAlso, it is hardly obvious that from the demand
function in (21b) one can recover oy, the elasticity of
substitution between g and the x’s (all the x’s, not just
x,). This is obtained by substituting y(p)=vy/py and
P(p,q)=6e2+%pl~PFpf /(B —1) into (20c). The corre-
sponding formula for n can be obtained from n = 0yé
=09YY/PN-

first example based on a generalization of
the CES utility model?

By way of answer to the first question, the
following lemma establishes that weak com-
plementarity is but one of two conditions
that must be satisfied if A4 is to be equated
with a change in the Marshallian consumer’s
surplus:

LEMMA 1: Suppose there is a private mar-
ket good, say x,, with the properties that (a)
it is nonessential and weakly complementary
with q, and (b)

% (p.q,y)  9h'(p.q,¥)
ap, dq .

Then,

(22) A= [:[hl(p,ql,n—m(p,qo,y)]dpl.

PROOF:

Weak complementarity implies lim, _
m q(p, g, u) = 0. Nonessentialness imp‘]ies
lim, _ . m(p,q,u) <. Hence, by (13), con-
dition (a) implies lim, _,..#(p,q,y)=0. Ac-
cordingly, one can express #(-) as

°°57T(Paq, y)
7m(p,q,y)=—| —————dp
'/;’1 apl '

«dh'(p,q,y)
o Al
P q

where the second equality follows from con-
dition (b). Invoking the definition of A in
(14) and changing the order of integration
yields (22).
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Application of Lemma 1 yields the answer
to the second question:

PROPOSITION 4: Partition the price vec-
tor as p=(p,,p,)- Equation (22) holds if
and only if v(p,q,y) can be expressed in the
form

(23) v(p.q,¥) =T[G(p,49), Py)Y]
wherelim, .G (p,q) =lim, _.G,(p,9)=0.

PROOF:

Observe that the conditions on the
derivatives of G(-) ensure that x; is
nonessential and weakly complementary
with g. The main task is to show that the
functional structure in (23) is necessary and
sufficient to satisfy condition (b) of Lemma
1. First use (10) and (12a), and then twice
differentiate the implicit function v(p,q,y)
— u =0 to obtain

Im(p,q,y)
ap,

=-m,,[p.q,v(p,q,Y)]
-mg[p.a,v(p,q,y)]v,(p,q,)
== (Uglyp, Uylap,)/ Uy

Comparing this with dh'(p, q, y)/dq =

(Up,Ugy=Uylgp,)? /V}, it can be seen that

condition (b) will be satisfied if and only if

UV, =U,U,,. However, this is equivalent
1, P ay .

to requiring that (v, /v,,) be independent

of y, which in turn is equivalent to (23).

The log-log utility model in (21a) clearly
satisfies the conditions of Proposition 4. The
generalized CES utility model in (18) could
also meet the conditions of the proposition,
provided that p, appears only in the first
argument of T(-).

Equation (23) expresses a restriction on
the marginal rate of substitution between g
and the price of a weakly complementary
private-market good, p, (i.e., that it be in-
dependent of income). This condition was
first introduced by Willig (1978) in his paper

HANEMANN: WILLINGNESS TO PAY AND TO ACCEPT 645

on hedonic price adjustments for valuing
marginal changes in g: his theorem 1 char-
acterized the circumstances under which the
marginal value of g equals the derivative
with respect to g of the Marshallian con-
sumer’s surplus for x,, averaged over the
number of units of the good consumed.
Proposition 4 expresses a similar result us-
ing a different and more compact proof.

Combining Propositions 3 and 4 provides a
way to value nonmarginal changes in g by
employing the change in Marshallian con-
sumer’s surplus to compute A4 and then
using A4 to bound WTP or WTA. These two
propositions, in effect, establish a new link
between Willig’s two seminal papers.?*

IV. Conclusion

A recent assessment of the state of the
art of public-good valuation concludes “Re-
ceived theory establishes that... WTP
...should approximately equal...
WTA.... In contrast with theoretical ax-
ioms which predict small differences be-
tween WTP and WTA, results from contin-
gent valuation method applications wherein
such measures are derived almost always
demonstrate large differences between aver-
age WTP and WTA. To date, researchers
have been unable to explain in any defini-
tive way the persistently observed differ-
ences between WTP and WTA measures”
(Cummings et al., 1986 p. 41.)% This paper

241 am very grateful to a referee for pointing out the
connection with Willig’s theorem 1. In my notation,
Willig’s theorem states that (23) is equivalent to the
equality vq(p,q,¥)/ tp(D,q,¥) =D, q,¥)/h'(D,q, ).

25Some of the debates on divergences between WTP
and WTA have focused on the concept of loss-aver-
sion, introduced in the economics literature by Daniel
Kahneman and Amos Tversky (1979). This is a differ-
ent phenomenon from that involved in the Randall-
Stoll bounds: it concerns the disparity between the
WTP to obtain a change from g° to ¢°+ A (for some
A>0) and the WTP to avoid a change from ¢° to
q° — A, which is not the same as the disparity between
WTP and WTA for the same change from ¢° to
gq'=q°+ A. However, the loss/gain disparity can be
analyzed using the tools developed in this paper. In a
separate paper, I have identified the conditions under
which it will exceed the disparity between WTP and
WTA studied here.
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offers an explanation by showing that the
theoretical presumption of approximate
equality between WTP and WTA is miscon-
ceived. This is because, for public goods,
the relation between the two welfare mea-
sures depends on a substitution effect as
well as an income effect. Given that the
substitution elasticity appears in the denom-
inator of (17) and that the Engel aggrega-
tion condition places some limit on the
plausible magnitude of the income elasticity
in the numerator, this suggests that the sub-
stitution effects could exert a far greater
leverage on the relation between WTP and
WTA than the income effects. Thus, large
empirical divergences between WTP and
WTA may be indicative not of some failure
in the survey methodology but of a general
perception on the part of the individuals
surveyed that the private-market goods
available in their choice set are, collectively,
a rather imperfect substitute for the public
good under consideration.
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